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Abstract

Scalings are obtained for the development of unsteady natural convection, both in rectangular and vertical circular containers,

and are validated by comparison with results obtained using direct numerical simulation. It is found that the numerical results agree

well with the scalings. Three main stages of ¯ow evolution are identi®ed and the di�erences at each of these stages between the

rectangular and cylindrical geometries are quanti®ed. It is shown that in the ¯ow regimes considered there is a di�erence in thermal

boundary layer thickness; that the horizontal intrusion layer has a uniform thickness for the rectangular ¯ow, but increases towards

the symmetry axis for the cylindrical ¯ow; and that the rate of strati®cation is much faster for the cylindrical geometry. Ó 2001

Elsevier Science Inc. All rights reserved.
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1. Introduction

Natural convection driven by buoyancy arising from an
imposed horizontal density gradient is widely encountered in
nature and in engineering situations, such as horizontal
transport in water bodies, strati®cation processes in ther-
mosyphon systems, crystal growth procedures and many oth-
ers. In these applications, the buoyancy is unsteady, and the
response of the system to changing conditions, especially to
suddenly changing boundary conditions, is of fundamental
interest.

The most studied form of this problem is the case of a
rectangular cavity with di�erentially heated sidewalls. Batch-
elor (1954) ®rst addressed the steady-state version of this
problem. Since then, extensive experimental, numerical and
analytical studies have been conducted on the topic. Much of
this work is summarized in the reviews by Catton (1978) and
Ostrach (1982). In spite of frequent occurrences of the un-
steady case, however, the imposition of unsteady boundary
conditions was evidently not considered in any detail until
Patterson and Imberger (1980, hereafter referred to as simply
P&I) discussed the case of instantaneous heating and cooling
of the opposing sidewalls in a rectangular cavity. In that work,
they addressed the problem of transient natural convection in
a cavity of A6 1 with di�erentially heated end walls and car-
ried out a scaling analysis to show that a number of initial ¯ow
types are possible, collapsing ultimately onto two basic types
of steady ¯ow, determined by the relative values of Ra, Pr and

A which describe the ¯ow. This ¯ow model has since occupied
the center stage of research into understanding natural con-
vection in cavities and numerous investigations subsequently
focused on diverse aspects of the model. Nicolette and Yang
(1985) made a numerical and experimental investigation into
two-dimensional transient natural convection of single-phase
¯uids inside a completely ®lled square enclosure with one
vertical wall cooled and the other three walls insulated.
Schladow et al. (1989) conducted a series of two- and three-
dimensional numerical simulations of transient ¯ow in a side-
heated cavity and their simulations generally agree with the
results of the scaling arguments of P&I. The numerical study
by Hyun (1985a) on the e�ect of Pr on the heat-up of a
strati®ed ¯uid in an enclosure revealed that the evolution of
the ¯ow and temperature ®elds are in¯uenced by Pr. Patterson
and Arm®eld (1990) conducted detailed experimental and
numerical investigations into the presence of travelling wave
instabilities on the vertical thermal boundary layers and hor-
izontal intrusions, the existence of a rapid ¯ow divergence in
the region of the out¯ow of the intrusions, and the presence of
cavity-scale oscillations caused by the interaction of the in-
trusion with the opposing vertical boundary layer. Further-
more, Arm®eld and Patterson (1991, 1992), Arm®eld and
Janssen (1996) and Janssen and Arm®eld (1996) made in-depth
studies on the wave and stability properties of the boundary
layers in the cavities. The studies on unsteady natural con-
vection in an enclosure until 1994 are well-documented in the
review by Hyun (1994). Recently, Xin and Le Qu�er�e (1995)
investigated numerically chaotic natural convection in a dif-
ferentially heated air-®lled cavity with adiabatic horizontal
walls while Brooker et al. (1997) conducted a non-parallel
linear stability analysis of the vertical boundary layer in a
di�erentially heated cavity.
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The studies of the transient unsteady process of cooling
down and stratifying a homogeneous ¯uid by natural con-
vection in a vertical circular container are rare. Otis and
Roessler (1987) conducted an experimental investigation into
the development of strati®cation of gas in a cylindrical en-
closure and provided experimental support for the existence of
internal waves and revealed several time constants that char-
acterize the process. Sakurai and Matsuda (1972) conducted a
theoretical investigation into the transient process in an al-
ready strati®ed ¯uid and their analysis clearly revealed the core
of the intricate physics involved in the transient adjustment
process of a strati®ed ¯uid system in response to changes in
thermal boundary conditions in a vertical circular container.
This analysis was further modi®ed and extended by Jischke
and Doty (1975). Numerical investigation on this topic was
addressed by Hyun et al. (1982), Hyun (1985b) and Hyun and
Choi (1989) who obtained ®nite-di�erence numerical solutions
of the complete time-dependent, Navier±Stokes equations de-
scribing the transient process of the Sakurai and Matsuda
model. All these studies have focused on the situations in
which, at the initial state, the ¯uid is already strati®ed. How-
ever, the transient evolving process from the initial state of
non-strati®cation, e.g., a homogeneous ¯uid, to a ®nally
strati®ed state possesses some characteristically di�erent fea-
tures and this transient process is of interest from the stand-
point of both basic ¯uid dynamics and practical applications,
as the production of a strati®ed ¯uid system of any strength is
usually initialized using a homogeneous ¯uid. On this topic,
only the experimental study mentioned above (Otis and
Roessler, 1987) and numerical studies by Hyun (1984) and by
Kwak et al. (1998) are found. In the study of Hyun (1984), the

¯ow and temperature structures of the heat-up process of an
initially homogeneous ¯uid in a cylinder with a linearly heated
sidewall were elucidated using a ®nite-di�erence model. In the
study of Kwak et al. (1998), a numerical study was conducted
to investigate the transient natural convective cooling-down
process of a ¯uid in a cylindrical container, with emphasis on
the ¯ow patterns when the maximum density temperature is
experienced. Recently, a numerical investigation into the
transient ¯ow patterns of natural convection cooling in a
vertical circular cylinder was carried out by Lin and Arm®eld
(1999, hereafter referred to as simply L&A). In that study, the
transient ¯ow patterns are identi®ed by the visualization of the
transient evolving processes in the cylinder. The results show
that vigorous ¯ow activities concentrate mainly in the vertical
thermal boundary layer along the sidewall and in the hori-
zontal region which is the lower part of the domain where the
cold intrusion ¯ow is embedded. The transient ¯ow patterns at
the unsteady and quasi-steady stages were analyzed, including
the activities of the travelling waves in the vertical thermal
boundary layer on the sidewall and the cold intrusions in the
horizontal region.

For the unsteady natural convection ¯ow both in a rect-
angular container and in a vertical circular container, the ¯ow
developments are represented by three distinct stages, that is,
the growth of the vertical thermal boundary layer on the
sidewalls, the movement of the horizontal intrusion, and the
strati®cation of ¯uid in the containers. P&I obtained the time,
thickness and velocity scales characterizing the growth of the
vertical thermal boundary layer on the sidewall, the time and
thickness scales characterizing the movement of a horizontal
intrusion layer and a time scale characterizing the full

Notation

A container aspect ratio, H=L
Cs constant of proportionality, de®ned in (19)
Cu constant, de®ned by (17)
g acceleration due to gravity
H container height
j index denoting rectangular or cylindrical case
L container half-width or radius
Nu Nusselt number on sidewall
p p � P=�qU 2

0 �
P pressure
Pr Prandtl number, Pr � m=j
QH ¯uid ¯ux through vertical thermal boundary layer
Ra Rayleigh number, Ra � gbH 3�Tw ÿ Ta�=�mj�
t time
T temperature
Ta ¯uid temperature in container
Tw temperature imposed on sidewall
u non-dimensionalized horizontal velocity component,

u � U=U0

ux;c non-dimensionalized velocity scale of horizontal
intrusion layer at x

�u non-dimensionalized mean velocity scale of
horizontal intrusion layer moving from sidewall
to symmetry axis, de®ned by (16)

U horizontal velocity component
U0 characteristic velocity, U0 � jRa1=2=H
v non-dimensionalized vertical velocity component,

v � V =U0

vbs non-dimensionalized vertical velocity scale in
vertical thermal boundary layer

V vertical velocity component
x non-dimensionalized horizontal coordinate, x � X=H
X horizontal coordinate
y non-dimensionalized vertical coordinate, y � Y =H
ys strati®cation height
Y vertical coordinate

Greeks
b thermal expansion coe�cient
dbs non-dimensionalized thickness scale of vertical

thermal boundary layer
h h � �T ÿ Ta�=�Tw ÿ Ta�
j thermal di�usivity
m kinematic viscosity
q density
s s � t=�H=U0�
sbs non-dimensionalized time scale for full growth of

vertical thermal boundary layer
si;r non-dimensional time scale of horizontal viscous

intrusion layer for rectangular case
si;c non-dimensional time scale of horizontal viscous

intrusion layer for cylindrical case
ss non-dimensional time scale of strati®cation

development
ss;f non-dimensional time scale for full strati®cation
sx;c non-dimensional time scale of horizontal intrusion

layer at x for cylindrical case
Di;r non-dimensionalized thickness scale of horizontal

viscous intrusion layer for rectangular case
Dx;c non-dimensionalized thickness scale of horizontal

viscous intrusion layer at x
Ds non-dimensionalized time step
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strati®cation of ¯uid in a rectangular cavity with di�erentially
heated sidewalls but no scales were obtained to characterize
the rate of the strati®cation. These scalings were validated by
experiments and numerical simulations for combinations of A,
Pr and Ra. L&A obtained some scalings for the unsteady
natural convection ¯ow in a vertical circular container with
cooled sidewall, but a more comprehensive scaling analysis is
still needed. We were therefore motivated to conduct the cur-
rent study, with the additional purpose of elucidating the
quantitative di�erences between the unsteady natural convec-
tion cooling of a homogeneous ¯uid in a rectangular container
and in a vertical circular container. In Section 2, a range of
scalings will be derived and the numerical method described.
The scalings will be validated in Section 3 by comparison with
numerical results obtained with Pr � 7 and A � 1. Section 4
contains the conclusions.

2. Scalings and numerical method

2.1. Governing equations

Under consideration is the unsteady natural convection
¯ow both in a rectangular container with a height of H and a
width of 2L and in a vertical circular container with the same
height and a radius of L. The top and bottom walls of the
containers are thermally insulated. Initially the ¯uids in the
containers are at rest and at temperature Ta, and at t � 0 their
vertical sidewalls are cooled impulsively to Tw and this tem-
perature is maintained thereafter. It is assumed that the ¯ow in
the rectangular container is symmetric about the center line
and two-dimensional while the ¯ow in the vertical circular
container is assumed to be axisymmetric. Therefore, the
computational domain sketched in Fig. 1 is appropriate, where
a Cartesian and a cylindrical coordinate system are used, re-
spectively, for ¯ows in the rectangular and in the vertical cir-
cular container. For brevity, the ¯ows in these two containers
are referred to as simply the rectangular and cylindrical case,
respectively.

The ¯ow is described by the Navier±Stokes equations and
the temperature equation, with the Boussinesq assumption
allowing their incompressible forms to be used. The governing
equations are written in non-dimensional form as follows:
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where j � 0 and 1 denote the rectangular and cylindrical cases,
respectively.

Non-dimensional quantities are obtained as follows:

x � X
H
; y � Y

H
; u � U

U0

; v � V
U0

;

s � t
�H=U0� ; p � P

qU 2
0

; h � T ÿ Ta

Tw ÿ Ta

; �5�

where U0 � jRa1=2=H , the velocity scale of the thermal
boundary layer obtained by P&I, is used.

The associated initial and boundary conditions are

u � v � 0; h � 0 at all x; y and s < 0; �6�
and

u � v � 0; oh=oy � 0 on y � 0; 1;

u � 0; ov=ox � oh=ox � 0 on x � 0;

u � v � 0; h � ÿ1 on x � 1=A for s P 0: �7�

2.2. Scaling analysis

2.2.1. Growth of the vertical thermal boundary layer
In the vertical boundary layer regions on the sidewalls, the

non-dimensionalized boundary layer thickness, vertical veloc-
ity and time scales are dbs, vbs and sbs, respectively, while the
non-dimensionalized height scale is 1. In the following analy-
sis, it is assumed that dbs � 1 which requires Ra > Pr2, as
shown by P&I.

Heat is initially conducted out of the ¯uid and into the
sidewall, resulting in a vertical thermal boundary layer of
thickness O�db�s��, where, from (4)

db�s� � Raÿ1=4s1=2 �8�
for the rectangular case. Correspondingly, the Nusselt number,
Nu, on the sidewall has the following scaling with Ra and s:

Nu �
Z 1

0

oh
ox

dy � db�s�ÿ1 � Ra1=4sÿ1=2; �9�

which gives the total non-dimensional conductive heat transfer
from the ¯uid to the cooled wall.

When the vertical thermal boundary layer is fully devel-
oped, the following scalings were obtained by P&I:

sbs � 1; vbs � 1; dbs � Raÿ1=4: �10�
The scalings (8)±(10) are also valid for the cylindrical case if
the assumption of Ra > Pr2 is still satis®ed.

2.2.2. Passage of the horizontal viscous intrusion layer
After the establishment of the vertical thermal boundary

layer on the sidewall, a horizontal intrusion layer begins toFig. 1. Computational domain and coordinate system.
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form and move towards the symmetry axis on the bottom ¯oor
of the containers.

In the rectangular case, it was shown by P&I that for
Pr4Aÿ4 < Ra < Pr16Aÿ12 the intrusion is viscous and the non-
dimensionalized time scale si;r for the intrusion to reach the
symmetry axis is scaled by A and Ra as follows:

si;r � Aÿ5=4 Ra1=16; �11�
at which time the intrusion grows to a non-dimensionalized
thickness Di;r, where

Di;r � Aÿ1=4 Raÿ3=16: �12�
In the cylindrical case, the constant ¯ux intrusion layer is

also driven by a buoyancy-induced horizontal pressure gradi-
ent of O�Dx;c Prh=ux;csx;c�, from (3), where Dx;c and ux;c are the
non-dimensionalized thickness and velocity of the intrusion
layer at horizontal location x and at a non-dimensionalized
time scale sx;c. A viscous-pressure balance, from (2), gives

Pr
Ra1=2

ux;c

D2
x;c

� p
ux;csx;c

� Dx;c Prh
ux;csx;c

: �13�

which results in

D5
x;c �

Q2
Hsx;c

x2 Ra1=2
�14�

as O�h� � 1, where QH � vbsdbs=A � Raÿ1=4Aÿ1 � xDx;cux;c is
the ¯ux of ¯uid discharged from the vertical thermal boundary
layer. As sx;c � �Aÿ1 ÿ x�=ux;c, the thickness of the intrusion
layer at x is scaled with A and Ra as follows:

Dx;c � Aÿ1xÿ1 ÿ 1� �1=4

A1=4 Ra3=16
: �15�

The mean velocity scale �u of the horizontal intrusion layer
moving from the sidewall to the symmetry axis is

�u � A
Z Aÿ1

0

ux;c dx � A
Z Aÿ1

0

QH

xDx;c
dx � QH A1=4 Ra3=16Cu �16�

and

Cu � A
Z Aÿ1

0

xÿ1 1

Ax

�
ÿ 1

�ÿ1=4

dx � 3:5 �17�

for dbs � 1 which requires that Ra > Pr2.
Therefore, from (16), a non-dimensionalized time scale si;c

for the horizontal intrusion layer to arrive at the symmetry axis
can be obtained for the cylindrical case, that is,

si;c � Aÿ1

�u
� Aÿ1=4Ra1=16: �18�

It is apparent that Nu should be constant for both the rect-
angular and cylindrical cases during the passage of the hori-
zontal viscous intrusion layer towards the symmetry axis on
the container ¯oor as there is no change in the boundary layer
during that time.

2.2.3. Strati®cation of the core
After the arrival of the horizontal viscous intrusion at the

symmetry axis, the containers begin to be ®lled with strati®ed
¯uid. L&A obtained scalings for the rate of strati®cation and
the time to full strati®cation for the cylindrical case, that is, at
a non-dimensionalized time s the strati®cation height ys�s� is

ys�s� � 1ÿ 1

�
ÿ CsAs

Ra1=4

�4

; �19�

where Cs is a constant of proportionality. The container will be
fully strati®ed when ys�s� � 1, giving a non-dimensionalized
time scale for the full strati®cation ss;f as follows:

ss;f � Ra1=4

CsA
: �20�

The scalings (19) and (20) may also be obtained for the rect-
angular case. P&I obtained (20) for the full strati®cation in the
rectangular case, but obtained no scaling for the rate of
strati®cation.

To obtain a scaling for Nu during the strati®cation of the
core, it is necessary to scale h�y�, the temperature of the
strati®ed layer within the container. Fig. 2(a) shows vertical
pro®les of temperature at locations x � 0:02; 0:2; 0:5;
0:625 and 0:83 at s � 30 for Ra � 1� 108, Pr � 7 and A � 1 in
the rectangular case. It is observed that away from the wall and
the small y region, the values all fall on a single curve, showing
that over most of the ¯uid there is little x variation. In Fig.
2(b), temperature is plotted against y1=4 showing that over
most of the strati®ed region of the container

h�y� � y1=4: �21�
To obtain the Nusselt number at the wall during strati®-

cation it is necessary to separate the strati®ed and non-strati-
®ed sections, giving

Nu �
Z ys

0

1ÿ h�y�
dbs�ys� dy �

Z 1

ys

1

dbs�ys� dy

� Ra1=4�1ÿ 0:8y5=4
s � � Ra1=4f �sRaÿ1=4�: �22�

The scalings (21) and (22) are also obtained for the cylindrical
cases.

2.3. Numerical method

2.3.1. Discretization and time integration
Because of the large variation in length scales it is necessary

to use a mesh that concentrates points in the boundary layer
and is relatively coarse in the interior. The meshes are con-
structed using a stretched grid. The basic mesh uses 95� 95
grid points, which are distributed symmetrically with respect to
the domain half-width and half-height. The nearest grid-point
is located 0.0005 of the domain width from the wall or the
symmetry axis. Subsequently, the mesh expands at a rate of
10% up to x � 0:1 or y � 0:1. After that, the mesh size ex-
pansion rate decreases until it reaches 0, resulting in a constant
coarse mesh in the interior of the domain. The basic time step
used for the calculation is Ds � 5� 10ÿ5.

Fig. 2. Vertical pro®les of temperature at location x � 0:02; 0:2; 0:5;
0:625 and 0.83 at s � 30 for Ra � 1� 108, Pr � 7 and A � 1 in the

rectangular case: (a) h plotted against y; (b) h plotted against y1=4.
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The equations are discretized on a non-staggered mesh
using ®nite volumes, with standard second-order central dif-
ferences used for the viscous, the pressure gradient and di-
vergence terms. The QUICK third-order upwind scheme
(Leonard, 1979) is used for the advective terms. The momen-
tum and temperature equations are solved using an ADI
scheme. The second-order Adams±Bashforth scheme and
Crank±Nicholson scheme are used for the time integration of
the advective terms and the di�usive terms, respectively. To
enforce continuity, the pressure correction method is used to
construct a Poisson's equation which is solved using the pre-
conditioned GMRES method (Arm®eld, 1991, 1994; Arm®eld
and Street, 1999) and the code has been previously used for the
simulation of buoyancy dominated ¯ows (Patterson and
Arm®eld, 1990; Arm®eld and Patterson, 1992; Arm®eld and
Debler, 1993; Arm®eld and Janssen, 1996; Lin and Arm®eld,
1999, 2000a,b).

2.3.2. Grid independence
To test the grid independence of the scheme, the solution

has been obtained on the basic mesh of 95� 95 de®ned above,
which is the mesh used in this study, and on two additional
meshes, with the following parameters. The ®rst mesh has 2.5
times the size at the wall and at the symmetry axis, the same
grid expansion factor, and two times the time step of the basic
mesh. This gives a grid of 77� 77 with approximately the same
grid spacing in the core. The second mesh has ®ve times the
size at the wall and at the symmetry axis, the same grid ex-
pansion factor, and ®ve times the time step of the basic mesh.
This gives a grid of 59� 59. Figs. 3(a)±(d) show, respectively,

the temperature and vertical velocity pro®les as a function of
horizontal distance at mid-height in the thermal boundary
layer for both the rectangular and cylindrical cases for A � 1,
Ra � 1� 109 and Pr � 7 at s � 0:2. It is seen that the variation
between the three representations is very small, indicating that
the basic mesh of 95� 95 is free of grid- and time-step-
dependent errors.

3. Validation of scalings by numerical simulations

To validate the scalings obtained above and to quantify the
di�erences between the rectangular and cylindrical cases, direct
numerical simulations of unsteady natural convection cooling
of a homogeneous ¯uid for both the rectangular and cylin-
drical geometries were conducted for Ra � 1� 106, 1� 107,
5� 107, 1� 108, 5� 108 and 1� 109. The 95� 95 mesh with
Pr � 7, A � 1, Ds � 5� 10ÿ5 and the divergence±convergence
criterion of 1� 10ÿ4 are used in all the numerical simulations.

3.1. Growth of the vertical thermal boundary-layer

In Fig. 4, the time series of the non-dimensionalized
thickness dbs�s� at y � 0:5, the Nusselt number Nu on the
sidewall and the maximum vertical velocity vbs�s� at y � 0:5 of
the vertical thermal boundary layer on the sidewall are shown
for the six Rayleigh numbers aforementioned for both the
rectangular and cylindrical cases. The boundary layer grows
after the initiation of cooling, reaching a maximum thickness
at this height at s � 1:5, then drops slightly to achieve a steady
state by s � 2:0. Similarly, the velocity magnitude grows ini-

Fig. 3. Comparison of the results from the 95� 95 basic mesh, 77� 77

mesh and 59� 59 mesh for the horizontal pro®les of temperature and

vertical velocity at mid-height of the container at time s � 0:2 for both

the rectangular case and in the cylindrical case: (a) temperature in the

rectangular case; (b) temperature in the cylindrical case; (c) vertical

velocity in the rectangular case; (d) vertical velocity in the cylindrical

case.

Fig. 4. dbs�s�Ra1=4 plotted against s1=2 for Ra � 1� 106, 1� 107,

5� 107, 1� 108, 5� 108 and 1� 109 up to s � 5 in: (a) the rectangular

case; (b) the cylindrical case. NuRaÿ1=4 plotted against sÿ1=2 in: (c) the

rectangular case; (d) the cylindrical case. vbs�s� plotted against s in:

(e) the rectangular case; (f) the cylindrical case.
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tially reaching a maximum at s � 1:5 and full development at
s � 2:0. The Raÿ1=4s1=2 scaling for dbs and Ra1=4sÿ1=2 scaling for
Nu collapse all the Ra results onto single curves for this stage
of the ¯ow, with the relation for the growth phase being linear,
indicating that these are the correct scalings for these quanti-
ties. The time scale for full development of the boundary layer
at this height, sbs, is approximately 2.0 for all the Rayleigh
numbers considered.

The maximum thicknesses of the vertical thermal boundary
layers for the six Rayleigh numbers at full development are
shown in Fig. 5 for the two cases. It is seen that dbs has a linear
relation with Raÿ1=4, that is,

dbs � 2:114Raÿ1=4 �23�
for the rectangular case and

dbs � 2:235Raÿ1=4 �24�
for the cylindrical case. These relations con®rm the scaling
thickness given in (10). From these relations, it is also seen that
the vertical thermal boundary layer becomes slightly thicker
for the cylindrical case than for the rectangular case.

3.2. Passage of the horizontal viscous intrusion layer

After the boundary is fully developed, the intrusion gen-
erated at the downstream end of the boundary layer travels
across the domain from the cooled wall to the symmetry axis.
In Figs. 6±9, the transient temperature and stream function
contours at s � 1; 2; 3; 4 and 5 are shown for Ra � 1� 106,
1� 107, 1� 108 and 1� 109 for both the rectangular and cy-
lindrical cases. Some features can been seen immediately from
these ®gures. One is that the thickness of the horizontal viscous
intrusions for the rectangular case are almost constant as the
intrusions approach the symmetry axis, whereas for the cy-
lindrical case they increase as they move towards the symmetry
axis. The second feature is that the thicknesses of the intrusion
layers becomes smaller when Ra increases for both the cases.
Another is that the non-dimensional times for the intrusion
layer to arrive at the symmetry axis become longer when Ra
increases. All these observations agree qualitatively with the
scalings given in (11), (12), (15) and (18).

In Fig. 10, the times si;r and si;c for the horizontal intrusion
layers to arrive at the symmetry axis are plotted against Ra1=16,
where si;r and si;c are de®ned as the time when the temperature

Fig. 5. dbs plotted against Raÿ1=4 for six Rayleigh numbers for both the

rectangular and cylindrical cases.

Fig. 6. Temperature contours in the computational domain for

Ra � 106, 107, 108 and 109 at s � 1; 2; 3; 4; and 5 in the rectangular

case.

Fig. 7. Temperature contours in the computational domain for

Ra � 106, 107, 108 and 109 at s � 1, 2, 3, 4, and 5 in the cylindrical case.
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at the ®rst grid near the symmetry axis in the computational
domain becomes ÿ0:01 for the ®rst time. The resulting linear
relations between si;r and Ra1=16 and between si;c and Ra1=16 are
well predicted by the following expressions:

si;r � 0:188� 1:662Ra1=16 �25�
for the rectangular case and

si;c � 0:962� 1:469Ra1=16 �26�
for the cylindrical case. These correlations con®rm quantita-
tively the scalings (11) and (18). For all the Rayleigh numbers
considered, the horizontal intrusion layer in the cylindrical
case takes a slightly shorter time than that in the rectangular
case to arrive at the symmetry axis although this quantitative
di�erence becomes smaller when Ra increases.

The qualitative observation that the thickness of the hori-
zontal viscous intrusion layers, which is de®ned as the thick-
ness when the edge of the intrusion layer is at h � ÿ0:01, are
almost uniform for the rectangular case as the intrusions ap-
proach the symmetry axis is also quantitatively con®rmed by
the results shown in Fig. 11 where Di;r Ra3=16 is plotted against x

Fig. 8. Stream function contours in the computational domain for

Ra � 106, 107, 108 and 109 at s � 1, 2, 3, 4, and 5 in the rectangular

case.

Fig. 9. Stream function contours in the computational domain for

Ra � 106, 107, 108 and 109 at s � 1, 2, 3, 4, and 5 in the cylindrical case.

Fig. 10. si;r and si;c plotted against Ra1=16 for Ra � 1� 106, 1� 107,

5� 107, 1� 108, 5� 108 and 109 in the rectangular and cylindrical

cases.

Fig. 11. Di;r Ra3=16 plotted against x for Ra � 1� 106, 1� 107, 5� 107,

1� 108, 5� 108 and 109 in the rectangular case.
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for six Rayleigh numbers for the rectangular case. The corre-
lation is found to have the following expression:

Di;r � 6:642Raÿ3=16 �27�
con®rming the scaling (12).

The thickness of the horizontal viscous intrusions as they
approach the symmetry axis for the cylindrical case is pre-
sented in Fig. 12 where Dx;c is plotted against
�xÿ1 ÿ 1�1=4

=Ra3=16 for six Rayleigh numbers for the cylindrical
case. The scaling (15) is con®rmed by the numerical result and
the linear correlation between Dx;c and �xÿ1 ÿ 1�1=4

=Ra3=16 is as
follows:

Dx;c � 0:287� 5:495
xÿ1 ÿ 1� �1=4

Ra3=16
: �28�

From Fig. 4 above, it is observed that the Nusselt numbers
on the sidewall during the passage of the horizontal viscous
intrusion layer are constant for all the numerical simulations,
con®rming the scaling result shown above.

3.3. Strati®cation of the core

After the intrusion has reached the symmetry axis, the
domain begins to ®ll with strati®ed ¯uid. During this period,
the domain core is composed of a lower region containing
strati®ed ¯uid and an upper region where the ¯uid is at the
initial ambient temperature. The region of strati®ed ¯uid
gradually rises until the domain is fully strati®ed.

In Fig. 13, the ®lled height ys�s�, which is de®ned as the
height where the temperature of the ¯uid is at h � ÿ0:01 and
at x � 0:5, is plotted against s=Ra1=4 for six Rayleigh numbers
for both the rectangular and cylindrical cases. The numerical
results shown in this ®gure con®rm the scaling (19). It is also
observed that the rate of strati®cation in the cylindrical case is
much faster than that in the rectangular case, as quantitatively
shown in Fig. 14, where the time for full strati®cation ss is
plotted against Ra1=4 for six Rayleigh numbers for both the
cases. The numerical results shown in Fig. 14 give the fol-
lowing correlations between ss and Ra1=4, that is, for the rect-
angular case:

ss � 0:639Ra1=4; �29�
which gives Cs � 1:565 as de®ned in the scalings (19) and (20),
and for the cylindrical case

ss � 0:359Ra1=4; �30�
which gives Cs � 2:786, further con®rming the scalings (19)
and (20).

In Fig. 15, NuRaÿ1=4, where Nu is the Nusselt number on
the sidewall during the strati®cation of the core, is plotted
against sRaÿ1=4 for six Rayleigh numbers for both the rect-
angular and cylindrical cases. It is observed that all the data
collapse onto a single curve, con®rming the scaling (22).

4. Conclusions

A scaling analysis for unsteady natural convection in a
rectangular container and in a vertical circular container has
been conducted. For the rectangular case, most of the scalings
had been previously obtained by P&I while the scaling for the
rate of strati®cation and the scalings for the Nusselt number
on the sidewall were obtained in this study. For the cylindrical
case, the corresponding scalings for the horizontal viscous
intrusions were obtained in the present study while the scalings
for the rate of strati®cation and time to full strati®cation were

Fig. 12. Dx;c plotted against �1=xÿ 1�1=4 Raÿ3=16 for Ra � 1� 106,

1� 107, 5� 107, 1� 108, 5� 108 and 109 in the cylindrical case.

Fig. 13. ys�s� plotted against sRaÿ1=4 for Ra � 1� 106, 1� 107,

5� 107, 1� 108, 5� 108 and 109 in the rectangular and cylindrical

cases.

Fig. 14. ss plotted against Ra1=4 for Ra � 1� 106, 1� 107, 5� 107,

1� 108, 5� 108 and 109 in the rectangular and cylindrical cases.
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previously obtained by L&A. All scalings have been validated
by direct numerical simulation of the unsteady natural con-
vection cooling of a homogeneous ¯uid for both the rectan-
gular and the cylindrical cases. The di�erences between the
rectangular and cylindrical ¯ows at three stages in the devel-
opment of full strati®cation have been quanti®ed using the
simulation results. The three stages are: the growth of the
vertical thermal boundary layer on the sidewalls; the passage
of the horizontal viscous intrusions; the strati®cation of the
core. The most signi®cant di�erences between the two cases are
that for A � 1, Pr � 7, and 1� 1066Ra6 1� 109; the vertical
thermal boundary layer is slightly thicker for the cylindrical
case than for the rectangular case; the thickness of the hori-
zontal viscous intrusion is almost uniform for the rectangular
case whereas it increases gradually when the intrusion ap-
proaches the symmetry axis for the cylindrical case; the in-
trusions in the cylindrical case takes a slightly shorter time
than that in the rectangular case to arrive at the symmetry axis
although this quantitative di�erence becomes smaller when Ra
increases; the rate of strati®cation of ¯uid in the cylindrical
case is much faster than that in the rectangular case, with the
di�erence increasing with Ra.

The di�erences between the rectangular and cylindrical
cases can all be qualitatively related to the reduction in size of
the volume element as the radius reduces for the cylindrical
case. For both cases, the heat transfer to the sidewall is ap-
proximately the same with the reduction in the size of the
volume element requiring the cylindrical boundary layer be
slightly thicker than the rectangular boundary layer to trans-
port the same heat and volume ¯ux. Similarly, the volume ¯ux
for both intrusions is approximately equal requiring the cy-
lindrical intrusion to thicken as the size of the volume element
reduces. Finally, the ®lling rate will be determined by the ratio
of the volume ¯ux through the boundary layer to the volume
of the cylinder and rectangular cavity leading to the more
rapid ®lling for the cylindrical case. This e�ect also produces
the more rapid reduction in Nu for the cylindrical case during
the strati®cation stage.
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